Recent observations show that fast radio bursts (FRBs) are energetic but probably non-catastrophic events occurring at cosmological distances. The properties of their progenitors are largely unknown in spite of many attempts to determine them using the event rate, duration and energetics. Understanding the radiation mechanism for FRBs should provide the missing insights regarding their progenitors, which is investigated in this paper.
INTRODUCTION
The first fast radio burst (FRB) was reported about a decade ago from analyzing the archival data of the Parkes radio telescope (Lorimer et al. 2007 ). This so-called "Lorimer burst" (FRB 010724) had a peak flux density of > 30 Jy at 1.4 GHz and duration of ∼ 5 ms. The dispersion measure DM = 375 pc cm −3 , i.e. the integrated column density of free electrons along the line of sight, exceeds the contribution from the interstellar medium of the Milky Way by a factor of ∼ 10. Thus, it was inferred that FRBs are from cosmological distances ∼ Gpc with DM dominated by the extremely dilute intergalactic medium (IGM). Indeed, no Hα filaments or H II regions that could explain the large DM were found in archival images (Lorimer et al. 2007; Kulkarni et al. 2014 ). Follow-up observations for ∼ 100 hours did not find any more bursts at this location, which implies that it may be a catastrophic event such as coalescence of relativistic objects. However, this single event offered limited clue for understanding its nature. Later on, four more FRBs with sim-⋆ wenbinlu@astro.as.utexas.edu † pk@astro.as.utexas.edu ilar properties as the "Lorimer burst" were discovered by the High Time Resolution Universe survey designed to detect such short timescale radio transients (Thornton et al. 2013) . Thus, FRBs are established as a new type of astrophysical phenomenon. Since then, more FRBs have been discovered and their all-sky rate is estimated to be ∼ 10 3 to 10 4 d −1 at ∼ 1 GHz above ∼ 1 Jy ms (Thornton et al. 2013; Petroff et al. 2015; Rane et al. 2016; Champion et al. 2016) .
The breakthrough came when one burst originally discovered by the Arecibo telescope, FRB 121102, was found to repeat (Spitler et al. 2014 . It not only showed that as least this FRB is not a catastrophic event but also allowed interferometric follow-up observations to determined the precise location to an accuracy of ∼ 3 mas (Chatterjee et al. 2017; Marcote et al. 2017) . The location of this FRB is found to be in the star-forming region of a low-metallicity dwarf galaxy at redshift 1 z = 0.193 Bassa et al. 2017) , similar to the environment of hydrogenpoor superluminous supernovae and long gamma-ray bursts (Metzger et al. 2017) . Confirmation of cosmological origin means that the bursts from FRB 121102 are quite energetic. If the FRB sources are isotropic (the effect of anisotropy will be included later on), then the luminosity is Liso = 4πD (1) where S is the flux density, DL is the luminosity distance and ∆ν = ∆ν9 GHz is the width of the FRB spectrum. We define the apparent brightness temperature by using the maximum transverse area of the emitting region for a non-relativistic source π(ctFRB) 2 , TB = SνD 
where tFRB = tFRB,−3 ms is the burst duration, ν = ν9 GHz is the observational frequency, DA is the angular-diameter distance, c is the speed of light in vacuum and kB is the Boltzmann constant. Note that eq. (2) is only a lower limit on the true brightness temperature, which is unknown. If the source is moving toward the Earth at Lorentz factor Γ, then the transverse area of the emitting region may be π(ΓctFRB) 2 , and in this case the true brightness temperature in the lab frame is smaller than that in eq. (2) by a factor of Γ 2 . From Lorentz transformation, the true brightness temperature in the source's comoving frame is even smaller by another factor of Γ. Still, for any reasonable Lorentz factor, a coherent radiation mechanism is required (Katz 2014) .
Although the DMs of the repeating bursts from FRB 121102 stay constant with time (within the measurement error ∼ 5 pc cm −3 ), their fluences/fluxes vary by a factor of ∼ 10 3 and the durations vary from ∼ 1 ms to ∼ 10 ms Scholz et al. 2016; Law et al. 2017) . The isotropic equivalent energy distribution function is a single power-law with dN/dEiso ∝ E −1.7 iso spaning Eiso ∈(10 37.3 , 10 40 ) erg with no evidence of a cut-off at either the low-or high-energy end . None of these events show evidence of frequency-dependent asymmetric pulse broadening as observed in Galactic pulsars ). Thus, their durations are most likely intrinsic, if the cosmological time dilation is neglected. We note that about half of the other (so-far) non-repeating FRBs show pulse broadening with width W ∝ ν ∼−4 , which is consistent with scattering by inhomogeneities of the circumstellar/interstellar medium in the host galaxy along the line of sight (Luan & Goldreich 2014; Masui et al. 2015; Xu & Zhang 2016) . The other half do not show any evidence of scattering broadening and their durations (from < 1 ms to ∼10 ms) are consistent with being intrinsic.
The distances of most FRBs and hence their luminosities are unknown. Their DMs are too large to fit in the empirical scaling laws between DM and scattering broadening for Galactic pulsars. This suggests that a large fraction of the DMs may be due to the IGM whose contribution to scattering broadening is negligible at low redshifts (Macquart & Koay 2013; .
If the IGM contributes to a large portion of the DMs, one can estimate the luminosity distances of known FRBs DL ∈(1, 10) Gpc, minimum 2 peak isotropic luminosities Liso,min ∈(10 42.5 , 10 44 ) erg s −1 , and minimum isotropic energies Eiso,min ∈(10 39.5 , 10 42 ) erg (see the FRB catalog by Petroff et al. 2016) . It has been shown that the energy distribution function of FRB 121102 is so far consistent with being representative of all FRBs (Lu & Kumar 2016) . One can also see that those (so-far) non-repeating FRBs have much larger luminosities/energies than the events from the repeater. This is most likely a selection effect because FRB 121102 has better localization and can be observed by more sensitive telescopes. Very recently, a very bright burst from FRB 121102 was discovered by the Apertif Radio Transient System (van Leeuwen 2014) with peak flux density Sν ∼ 24 Jy and duration ∆tFRB ∼ 1.3 ms (Oostrum et al. 2017) , corresponding to isotropic luminosity Liso ∼ 2.6 × 10 43 erg s −1 , isotropic energy Eiso ∼ 3 × 10 40 erg and apparent brightness temperature TB ∼ 3×10 35 K. These energetics are comparable to the (so-far) non-repeaters, further suggesting that the repeater may not be a special member of the FRB family.
In this paper, we mainly focus on the radiation mechanism of the repeater FRB 121102, although our analysis should be applicable to other repeating FRBs as well. Our general guide line is that, any FRB model must explain not only the typical isotropic luminosity Liso ∼ 10 43 erg s −1 , energy Eiso ∼ 10 40 erg, apparent brightness temperature TB 10 35 K and timescale tFRB ∼ 1 ms but also the large variations of these quantities at a given frequency (∼GHz).
This paper is organized as follows. In §2, we discuss the constraints on the nature of FRB progenitors from the event rate, duration and energy budget. In §3, we describe two general classes of coherent emission mechanisms -maser and the antenna mechanism. The goal of this paper is to test each of these coherent emission mechanisms and see whether they are consistent with the basic properties of FRBs. In §4, we discuss various maser mechanisms operating inside the corotating magnetosphere of a NS. In §5, we discuss the possibility of maser emission powered by the dissipation of a relativistic outflow at large distances from the central object. Then in §6, we discuss the antenna mechanism. Conclusions are drawn at the end of each section. In §7, we discuss the differences between the mechanisms of FRBs and pulsar radio emission. A summary of the paper is provided in §8. Throughout the paper, the convention Q = 10 n Qn and CGS units are used.
GENERAL CONSIDERATIONS OF FRB PROGENITORS
We first summarize the general constraints on FRB progenitor models from the event rate, duration and energy budget. Then we review various FRB progenitor models proposed in the literature. We show that these lowest-order constraints (from the event rate, duration and energy) are not sufficient to prove or falsify many of these models. Thus, one is forced to take one step further and consider the radiation mechanisms and the required plasma conditions, which will be described in later sections.
Event rate, duration and energy budget
There may be two classes of FRBs: repeating or nonrepeating. In the following, we provide order-of-magnitude estimates of the birth rate of FRB progenitors R0 (in unit Gpc −3 yr −1 ) based on the repeating or non-repeating hypotheses. The all-sky detection rate above ∼ 1 Jy ms at ∼ 1.4 GHz is denoted as R det = 10 3.5 R det,3.5 d −1 . A typical FRB with isotropic energy Eiso ≃ 10 40 erg within redshift z ≃ 0.5 (corresponding to an IGM DM of ≃ 400 pc cm −3 ) will have fluence 1 Jy ms. The comoving volume out to this redshift is V ≃ 30 Gpc 3 . We assume that each burst has a beaming factor f b = solid angle of the radiation beaming cone divided by 4π.
If the majority of FRBs are non-repeating, then the birth rate of FRB progenitors R0, averaged within z ≃ 0.5, can be estimated by the projected all-sky detection rate
Note that here we are assuming all FRBs have similar isotropic energy of ∼ 10 40 erg. There are potentially more undetected FRBs with much smaller energies Eiso ≪ 10 40 erg (as seen from the repeater FRB 121102), so eq. (3) should be considered as a stringent lower limit. The volumetric rate of core-collapse supernovae (CCSNe) at z ≃ 0.5 is RCCSN ≃ 3 × 10 5 Gpc −3 yr −1 (Madau & Dickinson 2014) . The beaming factors of FRBs are unknown, but all known examples of coherent radio emission (e.g. pulsar radio emission) show strong beaming (see Melrose 2017 , for a review). Therefore, a small beaming factor f b ≪ 1 posts severe challenge to non-repeating FRB models that are based on black holes or neutron stars (e.g. Totani 2013; Kashiyama et al. 2013; Falcke & Rezzolla 2014; Zhang 2014; Fuller & Ott 2015) , because the progenitors' birth rate in this case is greater or at least comparable to the rate of CCSNe. This has been pointed out by .
A more natural way of explaining the high observed FRB rate is that they are from repeating sources. First, it is a fine-tuned coincidence that the first (and only) FRB found by Arecibo is from a new, repeating class, while all the other ∼ 20 FRBs belong to a different non-repeating class. Second, the hypothesis that all FRBs are repeating with a similar energy distribution function as FRB 121102 is so far consistent with all observations (Lu & Kumar 2016) . In fact, if FRB 121102 had a location error similar to those found by the Parkes telescope, the true location may fall into the low-sensitivity gaps between beams during follow-up observations and perhaps none of the subsequent bursts could have been detected. Based on the assumptions of a universal energy distribution function and that the combined solid angle of all bursts equals to 4π (otherwise there will be a total beaming factor f b,tot involved), Lu & Kumar (2016) derived that the ratio between the birth rate of FRB progenitors and CCSN rate is in the range (10 −6 , 10 −4 )(τactive/30 yr)
with 3σ confidence, where tactive is the duration of the bursting activity per progenitor. We note that this rate ratio is ∼ 2 × 10 −4 for hydrogen-poor superluminous supernovae (Quimby et al. 2013 ) and ∼ 10 −3 for gamma-ray bursts (GRBs, Wanderman & Piran 2010, here we have assumed a typical GRB beaming factor of 10 −2 ). Thus, FRB progenitors are rare objects in the Universe. We note that a similar conclusion was drawn by Nicholl et al. (2017) and Law et al. (2017) .
Although the existence of a (small) population of nonrepeating FRBs cannot be ruled out, they are not the main focus of this paper. Instead, we restrict ourselves solely to the repeater FRB 121102, which has accumulated a large amount of data from extensive observations. Hereafter, unless specially noted with "non-repeating", an "FRB" means one of the bursts from the repeating source FRB 121102, and "the (FRB) progenitor" means the central object responsible for the many bursts from FRB 121102.
In the following, we consider general constraints on the progenitor from FRB durations and the total energy reservoir. And then, for the neutron-star (NS) progenitor model, we derive constraints on the basic properties of the NS such as surface B-field strength and rotation period.
Durations of FRBs are likely controlled by the dynamical time of the system. For instance, the free-fall time near the surface of a star of radius R and mass M is t ff ∼ (R 3 /GM ) 1/2 , which is ∼ 0.1 ms for a NS or stellarmass black hole (BH). On the other hand, a white dwarf has free-fall time t ff ∼ 10 s, which is much longer than FRB durations. Even the light-crossing time for a white dwarf R/c ∼ 0.3(R/10 9 cm) s is too long to be consistent with FRB durations. The typical timescale for a sudden accretion of a block of gas is either given by the dynamical time at the mass feeding end or the viscous time of the accretion disk. For a binary system where an object is accreting mass from the compact/non-compact companion (e.g. as in the model of Gu et al. 2016) , the dynamical timescale of the system is much longer than FRB durations.
There is also the possibility that the emitting plasma is moving towards the observer at Lorentz factor Γ ≫ 1. Such a relativistic plasma can only be launched from relativistic compact object (a NS or BH). In this case, the plasma can dissipate its free energy via internal dissipations (e.g. magnetic reconnection or internal shocks) or external shocks (when the plasma interacts with the surrounding medium). The distance between the dissipation location and the center of the progenitor star can be much larger than ctFRB = 3 × 10 7 tFRB,−3 cm by a factor of ∼ 2Γ 2 . We conclude that the constraint from FRB durations leave NSs or BHs 3 as the most possible progenitors. The repetition pattern of FRB 121102 is sporadic and non-Poissonic (Opperman & Pen 2017) . Adding up the isotropic equivalent energy of all the bursts detected by the Arecibo campaign (4.3 × 10 39 erg up to Feb. 2016, Scholz et al. 2016) and then divided by the total on-source time 15.8 hr, we obtain a long-time averaged luminosity
where fr is the radio emission efficiency and f b,tot is the total beaming factor (the combined solid angle of all bursts, including those beamed away from the Earth, divided by 4π). Note that this is only a lower limit because bursts with much higher fluences than the observed ones require a long monitoring time and bursts with much lower fluences are not observable. The energy distribution function dN/dEiso ∝ E −1.7 iso implies that most of the energy is near the high-energy end Eiso,max, which is currently unknown. For Very Large Array (VLA) observations at 3 GHz by Law et al. (2017) , the total burst energy is 1.9×10
40 erg and the total on-source time is ∼ 60 hr, so the time-averaged luminosity is L frb VLA ≃ 9 × 10 34 f −1 r f b,tot erg s −1 . The same analysis with the Green Bank Telescope observations by Scholz et al. (2016) gives a similar result. In the following, we take L frb Arecibo as a lower limit and obtain the energy reservoir required to supply the bursting activity for a duration τactive Etot (7.5 × 10 43 erg) (f b,tot /fr)(τactive/30 yr). (5) If FRBs are powered by accretion onto BHs, the minimum accretion rate isṀmin
, which can be satisfied by many known accreting systems. If FRBs are produced by magnetic dissipation in the magnetosphere of a NS, the minimum surface B-field strength is given by B 2 * R 3 * /6π Etot (R * ≈ 10 km being the NS radius), which means
FRB 121102 has been repeating since discovery in 2011 (Spitler et al. 2014) . To avoid the chance of coincidence, the true active duration τactive ≫ 6 yr. The radiation efficiency fr and (total) beaming factor f b,tot are poorly constrained, but these two factors tend to cancel each other in a square root term in eq. (6), so we obtain a rough estimate of the surface B-field strength B * a few×10 13 G. If the progenitor is a NS with radius R * ≈ 10 km, surface dipole B-field near the polar cap B * = 10 14 B * ,14 G and spin period P = 0.1P−1 s, the spin-down luminosity is (Spitkovsky 2006 )
where we have assumed a magnetic inclination angle of 45 o (not sensitive). The spin-down timescale is given by the total rotational energy divided by the spin-down luminosity
where I * ≈ 10 45 g cm 2 is the moment of inertia of the NS. The NS was born with a supernova remnant, which is currently expanding. Non-detection of a time derivative of DM from the repeater over the past ∼ 6 yrs means that the age of the system tage 30 yr (Piro 2016) . The absence of freefree absorption of GHz waves also gives a similar constraint on the age. The fact that the spin-down time must be longer than the age means t sd 30 yr, which constrains the current rotation period 4 P 0.1B * ,14 s.
4 If the radiation has beaming angle ∆θ and the beaming cone corotates with the NS, then the cone sweeps across the observer's
We conclude from eqs. (6) and (9) that observations are consistent with a slowly rotating high-B NS as the FRB progenitor. On the other hand, a BH with a small accretion rate 10 −13 M⊙ yr −1 is also possible.
No easy answer to the progenitor puzzle
From §2.1, we see that NS or BH progenitors can comfortably meet the requirements of short durations and relatively small energy budget. The low progenitor birth rate simply requires a special subgroup of NSs or BHs. Many models that satisfy these constraints have been proposed in the literature (see a review by . They fall into two general categories in terms of emission locations: (1) emission within the magnetosphere of NSs such as hyper-energetic giant pulses Lyutikov et al. 2016) , emission accompanying magnetar flares (Popov & Postnov 2010; Kulkarni et al. 2014; , emission due to Bfield disturbance by infalling gas/bodies (Geng & Huang 2015; Dai et al. 2016; Zhang 2017) , or magnetic reconnection events near the NS surface (Kumar et al. 2017) ; (2) emission from a relativistic outflow which is undergoing internal dissipation or interacting with the surrounding medium at large distances from the central object (Lyubarsky 2014; Romero et al. 2016; Waxman 2017; Beloborodov 2017; Katz 2017) . We see that there is no easy answer to the progenitor puzzle, if one only considers the lowest-order constraints from FRB event rate, durations and energetics.
In this paper, we take one step further and explore all possible coherent radiation mechanisms operating in the radio wavelengths. We carefully study the plasma conditions needed to reproduce the basic observational properties of FRBs. These aspects have not been considered in almost any of the previous works (except Kumar et al. 2017) , mostly because no consensus has been reached over the (coherent) pulsar radio emission, despite decades of hard work and debates (see the review by Eilek & Hankins 2016; Melrose 2017) . However, FRBs are drastically different from normal pulsar radio emission in that they are much brighter (by a factor of ∼ 10 10 ) and only lasts for a brief period of time. As we show later in §4, §5 and §6, much more stringent constraints can be put on the source plasma of FRBs, and therefore most of the viable options for pulsar radio emission can actually be ruled out.
POSSIBLE RADIATION MECHANISMS
There are generally two classes of coherent emission mechanisms: maser and the antenna mechanism (Ginzburg et al. 1969) . The first one requires special particle distribution function (population inversion) so that incoming radiation from certain direction has negative absorption coefficient; an example is vacuum synchrotron maser which occurs in the direction near the edge of the γ −1 beaming cone around the momentum vector of the emitting particle line of sight in a time ≃ 16P −1 (∆θ/1 rad) ms. We take the conservative limit ∆θ < 1 rad and then the longest burst from FRB 121102 (∆t FRB ∼ 8 ms, assuming intrinsic) gives P 50 ms. (Ghisellini & Svensson 1991) . Antenna mechanism involves phase-coordinated time-dependent currents; a widely discussed case under the conditions of the NS magnetosphere is curvature emission by charge bunches of size the wavelength of emission (Ruderman & Sutherland 1975) . A special case of maser mechanism is collective plasma emission (hereafter plasma maser). In this process, plasma waves are excited and exponentially amplified by certain plasma instabilities and then the energy in plasma waves is transformed into escaping modes of EM radiation. For example, the most widely discussed pulsar radio emission mechanism describes that a fast beam of particles runs through another slowly-moving plasma, and the free energy associated with the relative motion is transferred to plasma waves due to an instability, and then these waves are converted to escaping radio modes (Melrose 2017) . One important point, which will be useful later, is that in any plasma maser mechanism, the energy of the observed EM radiation comes from particles' kinetic energy.
If the emission region is at radius r from the center of the progenitor, the strength of the electromagnetic (EM) fields associated with FRB radiation in the source region is
where "⊥" means the fields are perpendicular to the line of sight and we have ">" when the local curvature of the emitting surface is smaller than r. This EM wave is very intense in that the dimensionless non-linearity parameter
where ω = 2πν is the angular frequency. This means that free electrons along the line of sight at distance r 5 × 10 13 cm from the progenitor will be accelerated to relativistic speeds. In the regime of non-linear optics a0 ≫ 1, particles' effective mass and hence the effective plasma frequency depend on the wave amplitude (Mourou et al. 2006) .
On the other hand, in the case where the EM waves are generated in (and/or propagate through) a medium with strong B-field parallel to the wave vector, the acceleration due to E ⊥EM only lasts for a gyration time ω
−1 B
[ωB = eB/(mec)], and hence the non-linearity parameter becomes a0 = E ⊥EM /B. As long as E ⊥EM /B ≪ 1, the propagation characteristics of the wave can be treated by linear approximation. This will be the base of the discussion on plasma dispersion relation in §4.2.
To make our discussion as general as possible, in the following sections, we consider NSs or BHs as viable FRB progenitors and the emitting plasma could either be within the corotating magnetosphere of a NS or a relativistic outflow launched from a NS or BH. We discuss all possible maser mechanisms in §4 and §5, and then the antenna mechanism is discussed in §6.
MASER MECHANISMS INSIDE THE NEUTRON STAR MAGNETOSPHERE
Based on the assumption that the source plasma is confined by the B-field of a NS, we first constrain the source location and the B-field strength in the source region from energetic requirement. And then in §4.1, we show that the traditional magnetosphere of a rotating NS or magnetar cannot provide enough particle kinetic energy to power FRBs. Then, under the assumption that some explosive process injects a large amount of particle kinetic energy in the magnetosphere, we derive the basic requirements on particles' distribution function for various maser mechanisms, including plasma maser ( §4.2) and masers in vacuum ( §4.3). Conclusions are drawn at the end of each subsection. We assume that the B-field configuration at radius r ≫ R * is dipolar B(r) = B * (r/R * ) −3 ≃ (10 11 G)B * ,14r
The energy density of the FRB EM waves at a distance r from the center of the star is given by
We require that the energy density of the source plasma to be a factor of f −1 r (fr being the radiation efficiency) higher than UEM. Moreover, for the primary B-field to confine the plasma motion, the magnetic energy density B 2 /8π must exceed that of the plasma by at least a factor of ζ ≫ 1,
Combining eqs. (12) and (14), we obtain r (3.5 × 10
Liso,43 fr 
where we have used ζ1 = ζ/10. Therefore, the radiation process occurs much below the light cylinder RLC = P c/2π ≃ 4.8 × 10 8 P−1 and the emission region has a strong B-field B 10 9 G. The transverse momentum of an electron or positron is lost in a short time ∼ 10 −9 γ(B/10 9 G) −2 s due to cyclotron/synchrotron cooling (γ being the Lorentz factor), so particles are forced to stay at the lowest Landau level and only move along the B-field lines (unless there is a mechanism that keeps exciting them to higher Landau levels). For later usage, we also note that the ratio between cyclotron frequency ωB ≡ eB/mec and the frequency of the observed radio waves ω ≡ 2πν has a lower limit 
Explosive particle injection needed for masers
In this subsection, we show that, in the conventional picture, particles above the polar cap of a rotating NS (Goldreich & Julian 1969; Sturrock 1971; Ruderman & Sutherland 1975; Arons & Scharlemann 1979; Michel 1982) or in the twisted magnetosphere of a magnetar (Thompson et al. 2002) do not have enough kinetic energy to power FRBs. Some explosive particle injection process is needed for any maser mechanism powered by particles' kinetic energy. In this paper, particle number density is often expressed as a multiplication factor M times the Goldreich-Julian (G-J) density (Goldreich & Julian 1969) nGJ ≃ B ecP ≃ (6.9 × 10 13 cm
When the density of the pair plasma falls below either the G-J density or the minimum density required to support the induced current J = (c/4π)|∇ × B|, the region becomes charge starved and the E-field parallel to the B-field cannot be screened. Thus, particles are accelerated by the unscreened E-field to high Lorentz factors and then produce γ-rays which may turn into pairs via B-assisted photon decay γ + B → e + + e − (Harding & Lai 2006) . When the Bfield strength is super-critical B BQED = 4.4 × 10 13 G, some γ photons with polarization perpendicular to the osculating plane of the B-field may split into two photons (with polarization parallel to the osculating plane) before the B-assisted photon decay. The energies of the two daughter photons are only slightly smaller (by a factor of ∼2), so they may still turn into pairs. Two photon annihilation process γ + γ → e + + e −1 may also occur but is subdominant (Hibschman & Arons 2001) . The secondary e ± pairs will produce more γ-rays and then more pairs. Such pair cascade proceeds until the number density of pairs is high enough to screen the parallel E-field.
Above the polar cap of a rotating NS, the initial γ-rays are produced by curvature radiation (Ruderman & Sutherland 1975) . The maximum kinetic energy density of the plasma (before or after pair cascade) in the open field line region is given by γ th nGJmec 2 , where γ th is the threshold Lorentz factor for the initiation of pair cascade. This is because primary particles accelerated by the parallel E-field to γ γ th will produce copious pairs, and then the parallel E-field is quickly shielded when the number density reaches n nGJ. Below, we provide a rough estimate of the threshold Lorentz factor γ th above the polar cap, following Medin & Lai (2010) .
Curvature radiation (CR) has characteristic energy ǫCR mec 2 ≃ γ 3 hc 2πρmec 2 = 3.9 × 10 3 γ
where we have normalized the energy by the electron rest mass energy, γ is the Lorentz factor of the electron (or positron), h is the Planck constant, and ρ is the local curvature radius. The electron (or positron) is accelerated by the parallel E-field within the charge-deficit (n ≪ nGJ) gap above the polar cap of the NS
where Φgap is the voltage drop across the gap and H is the gap height. Note that, in eq. (20), we have assumed H to be much smaller than the size of the polar cap ∼ R 3/2 * R −1/2 LC , this is because, as we will show later, Φgap is much smaller than the total voltage drop across the polar cap (Ruderman & Sutherland 1975) Φpc ≃ 2π 2 R 3 * B * /(P 2 c 2 ) ≃ (6.6 × 10 16 V) B * ,14P
−2 −1 . (21) Then, γ-ray photons with energy ǫCR ≫ mec 2 will undergo B-assisted decay into pairs within a propagation length ρmec 2 /ǫCR (when the angle between the photon's momentum vector and the B-field becomes ∼ mec 2 /ǫCR). Thus, the height of the charge-deficit gap is given by
We combine eqs. (20) and (22) 
We note that the giant pulses from e.g. the Crab pulsar can reach an instantaneous isotropic luminosity of ∼ 10 37 erg s −1 (Hankins & Eilek 2007) , which is consistent with the constraints from eq. (24), considering that the B-field curvature radius above the polar cap may be ρ 10 7 cm for a dipole field geometry. However, we see that traditional pair creation processes above the polar cap of a rotating NS cannot produce FRB isotropic luminosities ∼ 10 43 erg s −1 . On the other hand, the magnetosphere of a magnetar is believed to be different from normal NSs in that the evolution of the ultrastrong ( 10 14 G) B-field anchored on the active stellar crust leads to a twisted external magnetosphere with strong persistent currents (Thompson et al. 2002) . For a large twist angle ∼ 1 radian, the current flowing along B-field lines at radius r can be estimated
which corresponds to a minimum plasma density
Pair cascade is initiated by γ-rays produced by resonant inverse-Compton scattering of electrons (or positrons) off ambient X-ray photons (Beloborodov & Thompson 2007) . The X-ray spectra of Galactic magnetars usually show a power-law component extending beyond 10 keV, which may be due to atmospheric heating or Comptonization of low-energy thermal X-rays from the surface (Kaspi & Beloborodov 2017) . In this case, the threshold Lorentz factor is given by the resonance condition γ th ≃ γres, when the energy of X-ray photons in the electron's comoving frame equals to the Landau energy increment
where ǫx is the X-ray photon's energy in the NS frame. The mean energy of the scattered photons is ǫIC mec 2 ≃ γres min 1,
If B BQED, the scattered photons, initially at an angle γ −1 res wrt the B-field, undergo B-assisted decay into pairs within a propagation length 5 ρmec 2 /ǫIC ≪ ρ. In this way, the voltage drop in the corona loops above a magnetar is 5 If B ≫ B QED , a fraction of the photons scattered at an angle ≫ γ −1 res wrt the B-field may turn into pairs right away (Beloborodov & Thompson 2007) . maintained near the e ± production threshold. The maximum (instantaneous) isotropic luminosity powered by particles in these current-threading corona loops near the surface of a magnetar is
We see that FRBs with Liso ∼ 10 43 erg −1 cannot be produced by particles' kinetic energy stored in the magnetosphere of magnetars, unless the B-field strength is unrealistically high B * 4 × 10 17 (ǫx/10 keV) 1/2 G (which means the magnetic energy density is comparable to the rest mass energy density of the NS).
We conclude that some explosive particle injection process is needed for any maser mechanism powered by particles' kinetic energy (but not for antenna mechanism powered by E-fields). We note that pairs may be injected by magnetic reconnection processes near the surface of magnetars. A catastrophic example of explosive pair production is magnetar giant flares (Lyutikov 2006) , although here the magnetic fields undergo large-scale reconfiguration and the resultant plasma is highly optically thick to photons from radio up to γ-ray wavelengths.
In the following two subsections, we discuss plasma maser ( §4.2) and then masers in vacuum ( §4.3), under the assumption that a large number of pairs are suddenly injected by some other process. General constraints on the particle distribution function are derived in each case.
Plasma maser (collective plasma emission)
We consider the situation where a beam of particles runs into a target plasma and subluminal waves are excited and then amplified due to a certain beam instability. Two instabilities are considered: cyclotron-Cherenkov (or anomalous Doppler) instability and Cherenkov instability.
In §4.1, we have shown that some explosive particle injection process is needed for any maser mechanism powered by particles' kinetic energy. Thus, we assume both the beam and target plasma to be made of electrons and positrons with number densities n b = n b− +n b+ ≫ nGJ and n = n− + n+ ≫ nGJ, respectively. To maintain the charge balance in the magnetosphere, we require |n b− −n b+ | ∼ nGJ and |n− − n+| ∼ nGJ.
We assume the B-field to be along theẑ direction (B = Bẑ), which points towards the observer. The (1-dimensional) distribution functions of the beam and target plasma in the NS frame are denoted as f b (u b ) and f (u), where u b and u are 4-velocities in theẑ direction and we have normalized f b du b = f du = 1. We assume that beam particles are moving towards the observer at relativistic speeds, thus u b ≫ 1. To make our discussion as general as possible, we allow particles in the target plasma to be moving towards (u > 0) or away from (u < 0) the observer. Particle velocities divided by speed of light are denoted as β b and β and their Lorentz factors are γ b and γ. Our goal is to explore the general constraints on these two distribution functions in order for plasma maser mechanism to produce FRBs.
We introduce another inertial frame (hereafter the plasma frame) which is moving at a velocity βpc (Lorentz factor γp) wrt the NS frame. Note that both βp > 0 and βp 0 are possible. All quantities in the plasma frame are denoted with a prime ( ′ ) and unprimed quantities are measured in the NS frame. We also denote the mean value of a quantity
The relative Lorentz factor γp between the two frames is defined such that the mean 4-velocity is zero u ′ = γ ′ β ′ = 0 in the plasma frame. The mean Lorentz factor in the plasma frame can be considered as the temperature of the plasma, so we denote T ′ ≡ γ ′ . In the NS frame, a large variation of particle Lorentz factors cannot be avoided during pair creation, so the plasma is at least mildly hot (T ′ 2) and most likely extremely hot (T ′ ≫ 1). The discussion in this subsection is applicable for both cases.
The emission is powered by the free energy associated with the relative motion between the two plasmas. The EM waves strongly interact and exchange energy/momentum with the target plasma during wave excitation and amplification. In the plasma frame, the incoming beam is decelerated due to the pressure of the target plasma ∼T ′ n ′ mec 2 . We assume a fraction fr < 1 of the momentum loss from the beam goes to the momentum flux of the FRB EM waves, so we obtain
where UEM is given by eq. 13), which means
Another way of understanding is that the inertia of the target plasma ∼T ′ n ′ me needs to be large enough so that it can extract momentum from the beam at the rate of
The number density can be expressed in unit of the G-J density (we assume a dipole B-field B = B * (r/R * ) −3 for r ≫ R * )
We define the non-relativistic plasma frequency ω ′ p and cyclotron frequency ω
We assume that the dispersion relation of the interesting wave-mode with frequency ω ′ and wave-vector k ′ is purely determined by the target plasma, which is reasonable if n ′ ≫ n ′ b . Instabilities due to the existence of the beam plasma will be considered as a perturbation. Without loss of generality, we assume the wave vector to be in the
Only subluminal waves (|β ′ φ | < 1) can be excited, so we can define a Lorentz factor corresponding to the phase velocity γ
−1/2 . The unprimed version of these symbols have the same meanings but in the NS frame.
To avoid severe Landau damping, we only consider waves with γ
In the absence of the beam particles (which will be included later), the wave-number k ′ and frequency ω ′ are both real positive numbers. Lorentz transformation of the 4-wavevector (ω, k) gives
We are interested in waves with frequency ν = ω/(2π) = ν9 GHz in the NS frame. For convenience, we introduce three more variables
where ζ ≫ 1 is the minimum ratio between the energy density of the B-field and that of the target plasma in the NS frame (according to eqs. 14 and 30). We also note that the B-field is invariant (B = B ′ ) under Lorentz transformation parallel toẑ. The fact that ∆1 ≪ 1 and ∆2 ≪ 1 greatly simplifies the dispersion relation. In order for the wave to be in resonance with the beam particles, it must be propagating in nearly the same direction (+z ′ direction) as the beam at a relativistic speed. The wave must also be propagating towards the observer (+z direction) in the NS frame. Thus, we require
An upper limit of the beam (and plasma) Lorentz factor is given by the requirement that the particle does not lose more than half of its energy due to curvature cooling over a propagation length ρ (curvature radius), so we have
We also note that two drift velocities associated with the inhomogeneities of the B-field -curvature drift and grad-B drift -are both extremely small near the NS surface. The curvature drift velocity in the NS frame is given by
The grad-B drift is even smaller because it is proportional to the particle's transverse velocity squared β 2 b,⊥ , which is suppressed by cyclotron/synchrotron cooling. Therefore, the Cherenkov-drift resonance (at ω − β b kc cos θ − kv d sin θ = 0 in the NS frame), whose growth rate is proportional to the drift velocity (Lyutikov et al. 1999) , can be ignored. Then the dispersion relation can be calculated in the uniform Bfield approximation.
We assume the normalized 1-dimensional distribution function along the B-field to be f 
Since the cyclotron frequency is an odd function of charge sign, we have
Consider a plane-wave (∝ e
We take the Fourier-Laplace transform of the Maxwell equations
and then obtain
where
is the amplitude of the transformed Efield perturbation and the conductivity tensor
we obtain the dispersion relation in the plasma frame
where ↔ I is a unit tensor and we have
For wave modes far away from the cyclotron resonance for Lyutikov 1998; Gedalin et al. 2001 )
We are interested in waves with β
We ignore the terms χ2 and χ5 associated with ∆2 ∼ 10
For waves with phase velocities much higher than the plasma temperature γ ′ φ ≫ T ′ , we have γ ′−3 µ ′−2 ≃ T ′ and hence χ3 ≃ ∆3. Therefore, the dispersion relation (eq. 42) gives two branches of solutions for the X-mode (E perpendicular to the k-B plane) and Alfvén-mode (E in the k-B plane)
and
(48) where higher order terms O(∆ 2 1 ) have been ignored and we have made use of γ ′ φ ≫ 1 and hence χ1( n
We are interested in wave growth at either cyclotronCherenkov instability or Cherenkov instability when a beam runs through the target plasma. There are two possible cases:
(1) The target plasma is moving in the same direction as the beam towards the observer (βp > 0). This is a natural consequence of injection of a high-Lorentz factor beam (along open or closed B-field lines) which is capable of initiating pair cascades (as described in §4.1). In this case, we have ∆3 ≫ 1 and hence the dispersion relation is simpler. (2) The target plasma is moving away from the observer (βp < 0) in the opposite direction of the beam. This is possible if there are two independent particle injection (e.g. magnetic reconnection) regions near the NS surface where the feet of the closed B-field lines are anchored. In this case, the factor (β ′ φ + βp) 2 could be extremely small (for instance ∼ γ −4 p ) and we cannot decide whether ∆3 is much greater than 1. In principle, all waves with γ ′ φ ≫ T ′ may grow as long as certain resonance condition is met. However, since Alfvén mode waves propagate along the B-field line and hence cannot escape (Barnard & Arons 1986 ), we only consider the excitation and growth of X-mode waves.
First, we consider the cyclotron-Cherenkov resonance at
Making use of eq. (33) and γ
, we obtain the beam Lorentz factor in the lab frame
Liso,43 fr
where we have used the minimum ratio between the cyclotron frequency ωB and the frequency of the observed radio waves ω ≡ 2πν given by eq. (17). For this beam Lorentz factor to be compatible with the constraint from curvature cooling (eq. 36), we require
This is not possible for the case (1) where both the beam and target plasma are moving towards the observer (βp > 0, β ′ φ ≈ 1, and γ ′ φ ≫ 1). For case (2) where the target plasma is moving away from the observer (βp ≈ −1), this condition gives
This is not possible with the X-mode, which only allows β
Note that here ζ ≫ 1 is the minimum ratio of the magnetic energy density to the kinetic energy density of the plasma. Therefore, we conclude cyclotron-Cherenkov resonance condition cannot be satisfied given that the B-field needs to be strong enough to confine the motion of the beam and target plasma.
Next, we consider the Cherenkov instability. Since Xmode waves have E ⊥ B and hence cannot be excited by the beam particles due to this instability, we are only interested in the excitation and growth of Alfvén-mode waves in case (1) where both the beam and target plasma are moving towards the observer. In this case, we have
and the dispersion relation of the Alfvén-mode is
In the presence of the beam, the dielectric tensor (eq. 44) needs to be modified to include both the beam and target plasma. Since the cyclotron-Cherenkov resonance of the beam can be ignored (it requires γ b to be much greater than the constraint from curvature cooling), the modification of the dielectric tensor is done by re-defining the averaged quantities as . . . Under this new definition, all the terms in the dielectric tensor involving χ1, χ2, χ4, and χ5 are real, except Ezz. This is because χ3 = ∆3 γ ′−3 µ ′−2 has significant imaginary part close to the Cherenkov resonance
The growth rate of Alfvén-mode waves excited at the Cherenkov resonance is given by the imaginary part of the complex frequency Im(ω). We only consider the beam particles near the resonance with fractional Lorentz factor spread ∆γ
1. Thus, the Lorentz factor of the beam particles γ ′ b ≃ γ ′ φ must be much greater than the temperature of the target plasma T ′ . Therefore, χ1 and χ4 are dominated by the target plasma and the contribution by the beam particles can be ignored (|µ
is very small). Since n ′ A cos θ ′ ≈ 1 + χ1/2 (to the first order), the resonant beam Lorentz factor is
and the Lorentz factor γ b in the NS frame is a factor of 2γp larger. At a sufficiently large distance from the NS surface (e.g. r ∼ 10 7 cm), this beam Lorentz factor 2 √ 2ζγ 2 p may not violate the constraint from curvature cooling in eq. (36), so the growth of Cherenkov instability is possible. From eq. (55), the growth rate of the Cherenkov instability is
where χ3 has two components given by the beam and target plasma and we have |χ3| ∆3 ≫ 1. Therefore, the growth rate is negligibly small at radio wavelengths. We note that the growth of Cherenkov instability is faster at higher frequencies (up to ω ′ ∼ ω ′ p T ′1/2 , as pointed out by e.g. . Therefore, even if the beam-plasma resonance condition is met, most of the radiation will be at much higher frequencies than ∼GHz.
To summarize the main results of this subsection, we find that it is unlikely that the plasma maser mechanism is responsible for FRBs, because of the following inconsistencies: (i) in the case where both the beam and target plasma are moving towards the observer, the cyclotronCherenkov resonance condition requires unrealistically high beam Lorentz factors that are inconsistent with curvature cooling; (ii) in the case where the beam and target plasma are counter-streaming, the cyclotron-Cherenkov resonance condition requires the ratio of magnetic energy density and particles' kinetic energy density to be less than unity; (iii) curvature drift velocity is negligibly small and hence Cherenkov-drift instability cannot be important for FRBs; (iv) Cherenkov instability associated with Alfvén mode has too small a growth rate to be important for FRBs. These inconsistencies basically come from the fact that plasma maser is powered by particles' kinetic energy and the high luminosities of FRBs Liso ∼ 10 43 erg s −1 require very large particle number densities and hence plasma frequencies much higher than ∼GHz. Note that plasma maser may still be responsible for normal pulsar radio emission, which is persistent on timescales much longer than the rotation period and has much lower luminosities (by a factor of ∼ 10 10 ).
Masers in vacuum
In this subsection, we consider the possibility of negative absorption in vacuum (refractive indexñ = 1) when particles' distribution function has population inversion. The source may be powered by either particles' kinetic energy or field energy which maintains the population inversion. Luo & Melrose (1995) showed that negative curvature absorption is possible when the B-field lines have torsion. Ghisellini (2017) proposed that vacuum synchrotron maser may be responsible for FRBs. However, in the case where the emission radius is much below the light cylinder, the strong B-field (B 10 9 G) does not allow synchrotron emission to be in the radio band. Nevertheless, we treat these two processes in a unified way, because particles have (locally) helical trajectories and radiate in similar way as in the classical synchrotron motion.
We consider a particle in gyro-motion around a uniform B-field with a helical trajectory of pitch angle α. We use Cartesian coordinates withx in the direction of the B-field (B = Bx) and the component of the particle's momentum parallel to the B-field is p = pzx = γβxmcx. Here, γ is the Lorentz factor, βx = vx/c, and m is the particle mass. The perpendicular momentum component is in the direction of the z-axis, i.e. p ⊥ = pzẑ = γβzmcẑ (βz = vz/c). The y-axis is in the direction of p × B. Thus, the 4-momentum of the particle can be written in Cartesian (t, x, y, z) components
The ratio of the transverse momentum and parallel momentum is given by the pitch angle Figure 1 . A particle in a synchrotron orbit with pitch angle α given by tan α = pz/px. The magnetic field is uniform B = Bx and the Larmor radius r L is given by eq. (61). We are interested in the emissivity in the direction of the wave vector k, which is in the x-z plane at an angle θ wrt the z-axis. The angle between the wave vector k and the particle's momentum vector p is denoted as ψ.
so we have βx = β cos α and βz = β sin α (where β = v/c is the total velocity). We introduce another inertial frame which is moving in thex direction at velocity βxc or Lorentz factor γx = (1 − β 
The B-field is invariant under Lorentz transformation in thê x direction. In the limit γ ′ = γ/γx ≫ 1, the particle's emissivity in the O ′ -frame at an angle θ ′ ≪ 1 wrt the particle's momentum vector is given by (e.g. Jackson 1975; Rybicki & Lightman 1979) 
where Ka is the modified Bessel function of order a. Since β ≈ 1, we have γx = (1 − β 2 cos 2 α) −1/2 ≈ (sin α) −1 and γ ′ ≈ γ sin α. We are interested in the emissivity in the Oframe at frequency ν in the k (wave vector) direction at an angle θ wrt the z-axis in the x-z plane, and it can be obtained by Lorentz transformations
We define the angle between the wave vector k and the particle's momentum p to be ψ, i.e.
so we have ψ = θ−(π−α) and sin θ = sin ψ sin α+cos ψ cos α. We are interested in the regime θ ′ ≪ 1, γ ′ ≫ 1 and ψ ≪ 1, and it is straightforward to show that
where higher order terms smaller by a factor of ∼ γ −2 or ∼ ψ 2 have been ignored. We have also assumed that the pitch angle α is not much smaller than 1 (otherwise the particle is moving almost in a straight line with very little emission) but α can be arbitrarily close to 90
o . Then, we make use of ν ′ ≈ ν sin α and calculate the emissivity in the O-frame in the k direction (at an angle ψ ≪ 1 wrt the particle's momentum vector)
The first term [∝ K 2 1/3 (y)] is polarized in the (B ×k) ×k direction and is hence called O-mode. The second term [∝ K 2 2/3 (y)] is polarized in theB ×k direction and is hence called X-mode. We note that the X-mode emissivity is symmetric about ψ but the O-mode is asymmetric due to the cotα/(2γ 2 ψ) term. This asymmetry vanishes at pitch angle α = 90 o when the trajectory is confined in a plane. We also note that the emissivity in eq. (66) is also valid for curvature radiation as the particle follows the infinitely strong B-field lines with or without torsion (corresponding to α = 90 o and α = 90 o respectively), as long as the Larmor radius is replaced by the curvature radius ρ. In the curvature radiation scenario (assuming infinitely strong B-field), we havep B , and then the polarization of the first term (66) is still in the (B ×k) ×k direction and the second term in theB ×k direction, as long as ψ = 0. The X-mode/O-mode characteristics are the same as in synchrotron radiation scenario.
In the limit γ ≫ 1, the net absorption cross-section per particle in thek direction at frequency ν is directly related to the emissivity and is given by (Ghisellini & Svensson 1991, and refs therein) 
which is valid for any classical radiating particle (as long as the correct emissivity is used). If the particles encountered by a certain light ray in the k direction have Lorentz factor distribution Nγ = dN/dγ (in unit cm −3 ), the absorption Figure 2. Net curvature absorption cross-section (absorption minus stimulated emission) at ν = 1 GHz for curvature radius ρ = 10 7 cm and B-field torsion angle α = 45 o . The blue and red curves are for the O-mode, and the black curves are for the X-mode. We can see that negative absorption (red curves) only occurs in the O-mode at very small angles ψ wrt the cone occupied by the particle's gyrating momentum vector.
coefficient in this direction is
and the absorption optical depth is τ abs ∼ µ abs ×ℓ, where ℓ is the propagation length. Therefore, two necessary conditions for negative absorption are: (i) ∂[γ 2 jν (γ, ψ)]/∂γ < 0 at least for some γ and ψ; (ii) ∂(γ −2 Nγ )/∂γ > 0 for the same γ as in condition (i). The second condition means population inversion.
In order for a particle to radiate significantly at ∼ GHz frequencies, we require νc ≃ γ 3 c/(2πrL) ∼ 1 GHz, i.e.
γ ∼ 10 2 r 1/3 L,7 . For synchrotron radiation rL ∼ γmc 2 /(eB) ∼ 2 × 10 −4 cm γ2(m/me) (B/10 9 G) −1 . In the NS magnetosphere near the surface, the characteristic synchrotron frequency νc ≫ GHz, so synchrotron maser can be ruled out. In the following, we only consider curvature radiation by particles with Lorentz factors not too far from γ ∼ 10 2 . The detailed particle injection physics is likely complicated, so we simply assume that population inversion ∂(γ −2 Nγ )/∂γ > 0 is achieved and maintained by some unknown mechanism near Lorentz factor γ ∼ 10 2 . It is widely known that the net absorption cross-section for curvature radiation is positive for any frequency or angle if the particle's trajectory is confined in a plane (corresponding to α = 90 o in our notation, Blandford 1975) . From eq. (37), we know that curvature drift velocity is very small in that the pitch angle of the helical orbit is extremely close to 90 o : cos α ≈ v d /c 10 −11 (B/10 9 G) −1 (for γ ∼ 10 2 ). The plasma is nearly charge-neutral when its density is much higher than the G-J density (M ≫ 1). Note that electrons and positrons drift in the opposite directions, so the negative absorption coefficient is further suppressed by a factor of M −1 . Thus, the drift-induced curvature maser scenario (Luo & Melrose 1992 ) can be ignored. The B-field configuration in the NS magnetosphere may have torsion due to the existence of high-order multipoles, and the field line may be locally helical. As shown by Luo & Melrose (1995) and in Fig. (2) in this paper, a necessary condition for the absorption cross-section to be negative is ψ cot α/2γ 2 for the O-mode (and the absorption is always positive for the X-mode).
To produce the observed high brightness temperatures by curvature maser, an absorption optical depth of τ abs −30 is needed, which means γNγ |σ abs | ρ γ 30, or γNγ 5 × 10 17 cm −3 γ2 ρ7
Such a high density may be achieved near the NS surface (r ∼ 10 6 cm) with particle number density a factor of M ∼ 10 4 above the G-J density (eq. 18). However, it can be seen in Fig. (2) that, even if the absorption cross-section is negative at ψ (2γ 2 ) −1 , it becomes positive with absolute value a factor of 10 5 greater at larger angles ψ ∼ γ −1 . Due to the B-field curvature, photon trajectories will unavoidably intersect with other B-field lines at larger angles before escaping, and hence torsioninduced curvature maser requires extreme fine-tuned conditions where particle number density drops by a factor of 10 5 immediately outside the maser region.
The above argument applies regardless of whether the maser is powered by particles' kinetic energy or field energy. For a kinetic-energy powered maser, an additional issue is that the minimum number density (given by eq. 31) must be a factor of M 10 10 greater than G-J density. It is unclear how these particles are injected 6 . Also, we can see from Fig. ( 2) that such a high density will lead to strong positive curvature self-absorption and the radiation cannot escape.
Under the assumption that the source plasma is in the corotating magnetosphere of a NS, we conclude that neither plasma maser nor masers in vacuum are consistent with the basic properties of FRBs. In the next subsection, we discuss the possibility that the source plasma is inside a relativistic outflow launched from a NS or BH. , although detailed dynamical processes of pair production under different (non-dipolar) B-field geometries still have large uncertainties. Observational studies of non-thermal emission from pulsar wind nebulae (PWN) arrive at similar conclusion (Kennel & Coroniti 1984; Atoyan & Aharonian 1996; de Jager et al. 1996) . We note that these PWN studies only focus on optical to γ-ray frequencies and that accounting for the radio emitting electrons/positrons in the Crab Nebula require M ∼ 10 6 . These radio emitting particles (with Lorentz factors a few×10 2 ) only contributes to ∼ 1% of the total energy of the nebula and their origin has been an unsolved puzzle for decades (Rees & Gunn 1974; Arons 2012) . These low energy particles, with their large number and long synchrotron cooling time, could be relics from the wind injection in the past (the pulsar spin-down luminosity could be much higher in the past, Atoyan 1999), or acceleration of electrons from the Rayleigh-Taylor filaments penetrating the shocked wind region (Komissarov 2013; Tanaka & Asano 2017) .
MASER MECHANISMS IN AN OUTFLOW WITH INTERNAL/EXTERNAL DISSIPATION
In §4, we have discussed various maser mechanisms under the assumption that the source plasma is inside the magnetosphere of a NS. In this section, we consider that FRBs are produced by maser mechanisms in an outflow launched from either a BH or NS. The emission is powered by the dissipation of free energy in the outflow at large distances from the central object.
For a BH progenitor, we assume that, due to sudden accretion, an outflow is launched from the inner disk near the event horizon. For a NS progenitor, we assume such an outflow is originally launched from near the stellar surface, based on the fact that most of the magnetic energy in the magnetosphere is concentrated near the surface. In both cases, dissipation of free energy in the outflow may occur due to external shocks when it runs into some dense clouds or accumulates enough circum-stellar medium in the forward shock region, or internal dissipation processes such as magnetic reconnection and collisions between shells of different speeds.
We assume that the outflow is moving towards the observer with Lorentz factor Γ. At a distance r from the central object, the maser formation length is limited by causality to be r/(2Γ 2 ), which constrains the FRB duration
The variations of Γ and r may cause different FRB durations. Note that eq. (70) also takes into account (through the "<" sign) the possibility that the FRB source plasma is only a small local patch 7 in the shocked region that meets the maser condition, although the radiation efficiency and the maser amplification length are reduced when tFRB ≪ r/(2Γ 2 c). In the external shock scenario, the emission radius r is roughly given by the deceleration radius r dec (defined as where the Lorentz factor of the outflow drops by a factor of ∼ 2, see eq. B1 in Appendix B), and the duration is roughly given by tFRB ∼ r dec /(2Γ 2 c). In Appendix B, we consider the dynamics of two consecutive outflows and show that the second outflow should have much longer deceleration time than the first one (because it propagates inside the cavity opened by the first one). This is in contradiction with the observation that two consecutive FRBs separated by ∼ 40 ms have very similar durations (∼ 2 ms, Scholz et al. 2017 ).
7 Romero et al. (2016) proposed that FRBs are produced by modulational instability induced cavitons under strong plasma turbulence during the interaction of a relativistic lepton beam and a target plasma. In the astrophysical context, they consider electrons and positrons in a relativistic leptonic jet passing through a cloud of size Rc ≃ Γ 2 ct FRB ≃ (3 × 10 13 cm) Γ 2 3 t FRB,−3 , which could be much smaller than the causally-connected length of the jet at large distances from the central engine. The frequency of the escaping radiation is near (but above) the plasma frequency of the cloud. However, the dynamics of the jet-cloud interaction is different from the laboratory beam-plasma interaction they referred to (e.g. Robinson 1997 ), because collisionless shocks form and a contact discontinuity at the two-fluid interface prevents particles in the jet (or "beam") from penetrating through the cloud (or "plasma"). Still, FRBs could be powered by internal dissipations due to e.g. magnetic reconnection or collisions between different ejected shells. In the following two subsections, we discuss the physical conditions required to produce FRBs by synchrotron maser mechanism in vacuum (Lyubarsky 2014; Ghisellini 2017; Beloborodov 2017) or in plasma (Waxman 2017).
Synchrotron maser in vacuum
Based on eqs. (66) and (67), we calculate the single-particle synchrotron absorption cross-section for a given frequency ν at an arbitrary angle ψ away from the particle's momentum vector. In Fig. (3) we show one case where an electron is in a helical synchrotron orbit with pitch angle α = 45 o in a uniform B-field B = 0.03 G. We see that vacuum synchrotron maser is possible because the absorption cross-section is negative at angles ψ a few×γ −1 for both O-mode and X-mode. However, the absorption cross-section at smaller angles on the order of γ −1 is positive with a much larger absolute value. There is also a very narrow negative absorption region at ψ γ −2 for the O-mode if the pitch angle α = 90 o , but the cross-section is very small.
We can see that, other than population inversion ∂(Nγ /γ 2 )/∂γ > 0, vacuum synchrotron maser requires the following two extra conditions: (i) the B-field is nearly uniform to within an angle of γ −1 ; (ii) particles' pitch angle distribution is narrowly peaked with spread ∆α γ −1 , where γ is the typical Lorentz factor of the radiating particles in the comoving frame of the source plasma. The maximum efficiency of vacuum synchrotron maser is ∼ γ −1 because particles' pitch angles are not allowed to change by more than ∼ γ −1 as they cool. Keeping these points in mind, we consider the emitting plasma to be in a relativistic jet moving towards the observer with arbitrary Lorentz factor Γ. For electrons with Lorentz factor γ ′ in the comoving frame, the synchrotron frequency in the observer's frame is
where ν ′ B = eB ′ /(2πmec) is the cyclotron frequency and B ′ is the B-field strength in the plasma comoving frame. The jet kinetic power must exceeds the FRB luminosity Liso, so we have
where ǫB < 1 is the fraction of jet power in magnetic energy. Combining eqs. (71) and (72) above, we obtain a lower limit on the radius of emission r (7.2 × 10 13 cm) ǫ
When the jet is undergoing dissipation (shocks or magnetic reconnection) at such a large distance from the central object, the extremely fine-tuned requirements on the Bfield and pitch-angle distribution are unlikely to be realized. Moreover, even if population inversion ∂(Nγ /γ 2 )/∂γ > 0 is initially achieved, since high-energy electrons radiate faster than lower-energy ones, the population inversion may be quickly destroyed.
Synchrotron maser in plasma
The synchrotron emissivity (eq. 66) is strongly modified at frequencies below the Razin frequency (the plasma frequency multiplied by the Lorentz factor of the particle). This is because the Liénard-Wiechert potential of a particle undergoing acceleration is significantly modified by wave dispersion at these frequencies. In this subsection, we consider synchrotron maser in a plasma which is moving towards the observer with bulk Lorentz factor Γ. Quantities in the comoving frame of the radiating plasma are denoted with a prime ( ′ ) and unprimed quantities are in the rest frame of the central object.
For a weakly magnetized plasma with randomly oriented B-field, under the assumption that the populationinversion condition ∂(N ′ γ ′ /γ ′2 )/∂γ ′ > 0 is satisfied, synchrotron maser may operate below the effective Razin frequency ν (Sagiv & Waxman 2002) , where γ ′ e is the Lorentz factor of the radiating electrons and the plasma frequency and gyrofrequency are defined as
andγ ′ is the mean Lorentz factor of electrons in the comoving frame of the emitting plasma. The ratio of these two frequencies can be expresses as ν
1/2 , where ǫe and ǫB are the fractions of the energy density in electrons and B-field in the emitting region. Note that, since EM waves below the plasma frequency cannot propagate, synchrotron maser in plasma can only operate when ǫe/ǫB ≫ 1, which means the radiating plasma is not dominated by magnetic energy. We allowγ ′ to be a free parameter and takeγ ′ = 10 2γ′ 2 as our fiducial value (constraints onγ ′ will be shown later). To make our discussion as general as possible, we take the frequency of the emitted radiation in the comoving frame of the plasma to be ξν For other maser-type collective plasma emission in a weakly magnetized plasma, the radiating frequency may be near the plasma frequency ν ′ ∼ ν ′ p and ξ ∼ 1, so the following analysis applies broadly.
We require the frequency in the observer's frame to be
If the emission occurs at a distance r from the central engine, the isotropic equivalent kinetic luminosity of all the electrons is
We assume ǫe/ǫB ≫ 1, so the total luminosity of the outflow is a factor ǫ −1 e higher (a large fraction of the energy may be in protons). We assume that the overall radiation efficiency to be fr < 1, so the isotropic FRB luminosity is Liso = L ke,iso ǫ −1 e fr. We eliminate Γ 2 n ′ with eqs. (75) and (76) and then obtain the emission radius
Liso,43ǫe fr
which has no direct dependence on the bulk Lorentz factor. The emission radius is related to the FRB duration through tFRB r/(2Γ 2 c) (eq. 70), so we can constrain the bulk Lorentz factor Γ 53γ
The isotropic equivalent number of electrons in the causallyconnected region is
where the upper bound of Γ in eq. (78) has been used. For a NS progenitor, the total number of electrons and positrons in the magnetosphere is roughly given by 4πR 3 * MnGJ 3 ≃ (2.9 × 10 38 ) M6B * ,14P
Thus, any model based on outflows from a NS must explain how this extremely large amount of particles M ≫ 10 6 are created and ejected (for instance, the outflow has to break the magnetic confinement if it is launched in the closed field line region).
The entire outflow has Thomson optical depth
We note that induced (or stimulated) Compton scattering may be important even when the Thomson optical depth is small 8 . If the source radiates isotropically in the comoving frame, the brightness temperature T ′ B is limited by (see 8 The wavelength of the FRB EM wave is much shorter than the Debye length in the source region, the strong E-fields associated
When the source is relativistic, the relationship between T ′ B (the true brightness temperature in the comoving frame) and the apparent brightness temperature TB given by eq. (2) . (83) Note that the constraint on TB in eq. (83) will be stronger if the FRB spectrum is broader than ∆ν/ν ∼ 1 or if the Lorentz factor distribution belowγ
(see Appendix C). Violation of eq. (82) or (83) causes exponential loss of photon energy with time and the energy goes back to the plasma. Note that this constraint is only correct in the linear regime (when the non-linearity parameter a0 < 1), which is valid for a source powered by particle kinetic energy. It can be shown by inserting the effective particle massγ ′ me into eq. (11) that the non-linearity parameter is given by a0 ≃ fr < 1.
We compare eq. (83) with the apparent brightness temperature in eq. (2) and obtain a constraint on the radiation efficiency fr 2.3 × 10 −6 ξ 4 ǫeγ
where ∆ν9 is the width of the FRB spectrum. The maximum mean Lorentz factorγ 
where the magnetic and radiation energy densities are
Then making use of the expressions for r and Γ in eqs. (77) and (78) and ǫB ≪ ǫe, we obtain
Thus, we combine eqs. (84) and (87) 
For synchrotron maser in a relativistic plasma, we have ξ ≃ (ǫe/2ǫB) 1/4 , and then the constraint in eq. (88) (Gajjar et al. 2017 ) and take to the EM wave cannot be screened, so an electron can interact with many photons at the same time. Even for wavelength much longer than the Debye length, induced Raman scattering creating Langmuir waves may become an important obstacle hindering the propagation of coherent waves.
∆ν9 ≃ 1 and tFRB,−3 ≃ 1. The electron energy fraction has been constrained to be near equipartition value ǫe ∼ 0.3 observationally (from the afterglows of gamma-ray bursts, Panaitescu & Kumar 2001 ) and theoretically (from particlein-cell simulations, Sironi et al. 2015) . Thus, the radiation efficiency must be very low fr 5 × 10 −9 ǫ −19/16 B , as long as ǫB is not much smaller than ∼ 10 −5 . On the other hand, for possible plasma masers in weakly magnetized plasma ξ ∼ 1, the apparent brightness temperature requires extremely low radiative efficiency fr 5 × 10 −8 . To summarize the main results of this section, we find that FRB models based on masers powered by internal/external dissipation of the free energy of an outflow suffer from the following potential inconsistencies: (i) external shock model is not consistent with the durations of some closely-separated FRB pairs; (ii) synchrotron maser in vacuum requires a nearly uniform B-field (to within an angle ∼γ ′−1 ) and particles' pitch-angle distribution must be narrowly peaked with spread γ ′−1 ; (iii) synchrotron maser in plasma requires a low radiation efficiency fr 5 × 10
for FRBs detected at high frequencies ∼6 GHz; (iv) it is unclear how the population inversion condition ∂(N ′ γ ′ /γ ′2 )/∂γ ′ > 0 is achieved 9 ; (v) During the maser amplification process, high-energy electrons radiate faster than low-energy ones, so the population inversion condition may be quickly destroyed.
THE ANTENNA MECHANISM
In §4 and §5, we have explored all possible maser mechanisms operating either inside the magnetosphere of a NS or when a relativistic jet undergoes internal/external dissipation. We find that various maser mechanisms (in either vacuum or plasma) proposed in the literature require unrealistic or extremely fine-tuned plasma conditions. Thus, we are left with the antenna mechanism, which will be described in this section. This mechanism requires coherently moving charge bunches with sizes smaller or equal to the wavelength of emission λ ∼ 30 cm. This is only possible when there is largescale ordered B-field lines, so we only consider the plasma to be inside the magnetosphere of a NS. In the situation where the dissipation of jet energy occurs at large distances from the central object, the B-field in the emitting plasma is weak, and particles gyrate around B-field lines at random gyration phases instead of forming coherent bunches. In §6.1, we first go through the basic properties of bunches needed to produce FRB luminosities, following Kumar et al. (2017) . Then in §6.2, we discuss possible bunch formation channels and show, for the first time, bunches can form via two-stream instability in the twisted magnetosphere of a magnetar.
Properties of bunches
Traditionally, coherent curvature radiation by bunches has long been considered as a possible mechanism to explain the pulsar radio emission (Ruderman & Sutherland 1975) , but it suffers from a number of critiques (e.g. Melrose 1981) . First, the growth time for bunches due to two-stream instability is too long under the classical two-beam condition 10 (a primary beam with γ b ∼ 10 6 -10 7 passing through a secondary pair plasma with γ± ∼ 10 2 -10 3 , e.g. Benford & Buschauer 1977; . Second, the number of particles per bunch required by the observed high brightness temperature leads to too strong Coulomb repulsion and hence bunch dispersion (e.g. Cheng & Ruderman 1977) . Third, none of the treatment in the literature has treated the formation of bunches and their coherent radiation processes simultaneously. On the other hand, it has also been proposed that charge bunches (solitons) could be produced by modulational instability in a turbulent plasma provided that species of different charge signs have different effective mass (electrons and positrons with different streaming Lorentz factors do have different mass, and there could also be some mixing of ions, e.g. Karpman et al. 1975; Shukla et al. 1986; Asseo et al. 1990; Melikidze et al. 2000) . In this paper, we do not attempt to unify pulsar radio emission with FRB radiation mechanism, because the properties of the source plasma for FRBs is drastically different from pulsars (as shown in §4.1). Kumar et al. (2017) considered coherent curvature emission by the antenna mechanism in detail. If the local curvature radius of the B-field line is ρ and an electron is moving very close c, the acceleration perpendicular to the velocity is a ⊥ = c 2 /ρ. To produce curvature radiation at frequency ν = ν9 GHz, we require
At such low Lorentz factors, the single-particle curvature power is very small
When the particle is moving towards the observer, the isotropic equivalent luminosity is
We see that single-particle curvature radiation is extremely inefficient. To produce the observed FRB luminosity Liso ∼ 10 43 erg s −1 , electrons must form bunches and radiate coherently.
The size of a bunch in the direction parallel to the line of sight (hereafter longitudinal direction) must not exceed λ = λ/2π = 4.8 ν −1 9 cm. The radiation formation length is ρ/γ, which corresponds to a time ρ/(γ 2 c) in the electrons' comoving frame. Thus, the maximum size allowed by coherence in the transverse direction is ρ/γ 2 ≃ γλ ≃ (2.9 × 10 2 cm) ν −2/3 9 ρ 1/3 6 . Therefore, the maximum number of particles in one coherent bunch is given by
where n = 10 18 n18 cm −3 is the fiducial number density in the NS frame. The isotropic equivalent luminosity from one such bunch is
In reality, the transverse size of one local patch of particles may be a factor 11 of η > 1 greater than γλ but coherence cannot be maintained due to causality, and then the total luminosity is the incoherent sum of the emission from η
. (95) Therefore, the observed FRB luminosity Liso ∼ 10 43 erg s −1 can be easily achieved by tuning the parameters n18, ρ6 and η. Variations in these parameters can also lead to a large range of FRB luminosities as observed. In the observer's frame, the emission from each bunch lasts for ν −1 ∼ 1 ns and it requires 10 6 such bunches to produce an FRB with intrinsic duration ∼ 1 ms. The beaming factor of one bunch is f b ∼ γ −2 , so the minimum energy budget per FRB is ∼ γ −2 LisotFRB ∼ 3 × 10 36 erg Liso,43tFRB,−3. In a man-made antenna, the kinetic energy of particles is usually minuscule and the radiating power is supplied by the ac electromotive force. Similarly, in the astrophysical antenna model of FRBs, the power comes from a parallel E-field E which sustains the Lorentz factor of electrons as required by eq. (90). Since each electron is losing energy at a rate N coh Pcurv, we obtain from energy conservation
Such a strong, large-scale (length ρ/γ) E-field may come from magnetic reconnection at small inclination angles in the magnetosphere (Kumar et al. 2017) . We also note that the isotropic luminosity (eq. 95) can be expressed in terms of the parallel E-field E = 10 10 E ,10 esu
The flow of the radiating particles (and counter-streaming particles of the opposite charge sign) along the primary Bfield leads to a current j = 2nce within a cylinder of radius ηγλ (transverse length of the coherent bunch), which induces a strong B-field in the transverse direction
This induced B-field leads to a torsion on the primary Bfield. Considering the fact that particles are locked in the lowest Landau level and only move along local B-field lines, it is crucial that the combined primary plus induced B-field still point towards the observer within an angle of ∼ γ −1 . This sets a lower limit on the strength of the primary B-field
11 This factor was denoted as η 1/2 in Kumar et al. (2017) . 12 Another way of thinking is that the radiation backreaction force operates on all particles within the coherent bunch, because the EM fields are nearly uniform within the coherent region. Each particle experiences a backreaction force due to all other radiating particles and this force must be balanced by the force from an external E-field E .
This lower limit is stronger than the one from the energetic requirement in eq. (6), meaning the latter can be easily satisfied.
Formation of bunches and high-frequency FRB analogs
In the model of Kumar et al. (2017) , it was shown that bunches may form due to two-stream instability in the situation of counter-streaming electrons and positrons with Lorentz factor given by eq. (90) and density n 10 17 cm −3 . However, since the formation of bunches must occur simultaneously with the coherent curvature radiation in their model, proper treatment of radiation backreaction is needed. Moreover, the bunch formation length ∼ γ 2λ is on the same order as the radiation formation length ∼ ρ/γ. It remains unclear whether bunches can form spontaneously (and survive the radiation formation process) during magnetic reconnection in a plasma of quasi-uniform density.
Another possible way of bunching is a radiative instability proposed by Goldreich & Keeley (1971) , where an initial uniform distribution of particles moving along a thin circular ring spontaneously develops bunches due to the backreaction of curvature radiation. However, since the two non-linear processes -the formation of bunches and coherent emission by bunches -were not treated together in a self-consistent way, it is currently unclear whether radiation backreaction acts to increase or decrease bunching (Melrose 1978) .
In this paper, we propose a new channel for bunch formation. In Appendix A, we show that, the plasma in the twisted magnetosphere of a magnetar 13 is turbulent and clumpy due to two-stream instability. When magnetic reconnection occurs, the pre-existing density clumps may provide charge bunches for the antenna mechanism to operate.
Guided by §6.1, we use a fiducial number density n = 10 18 n18 cm −3 and a fiducial B-field B = 10 14 B14 G in the following. This number density exceeds the G-J density [nGJ = B/(ecP )] by a factor of M ≃ 10 4 n18B −1 14 P−1 and the minimum density required to sustain the magnetic twist induced currents nmin = |∇ × B|/(4πe) by a factor of ∼ 10 2 . The twist-induced currents are supported by counter-streaming particles of opposite charges from pair creation avalanches. In the traditional model of pair creation above the polar cap of a rotating NS (Sturrock 1971; Ruderman & Sutherland 1975) , γ-rays are produced by curvature radiation of primary particles with Lorentz factor exceeding ∼ 10 7 . In the magnetar model, the creation of γ-rays is mainly due to resonant scattering of ambient Xray photons by initial electrons pulled from the NS surface (e.g. Beloborodov & Thompson 2007 ). The resonant scattering condition is γresǫx ≃ (B/BQED)mec 2 (eq. 27), i.e.
γres ≃ 1.2 × 10 2 B14(ǫx/10 keV) −1 .
The scattered photons have energy ǫIC/mec 2 ≃ 1.2 × 10 2 B14(ǫx/10 keV) −1 (eq. 28) in the NS frame. When B BQED, these γ-rays convert into pairs within a propagation length ρmec 2 /ǫIC ≃ (10 4 cm) ρ6B
14 (ǫx/10 keV) when the pitch angle becomes mec 2 /ǫIC. In the counter-streaming electron-positron plasma 14 , two-stream instability naturally leads to density fluctuations with a broad spatial power spectrum at wavenumbers smaller than a critical value k < kmax ≡ ω p,eff /c, and the effective plasma frequency ω p,eff depends on the distribution function. In Appendix A, we show that, for a homogeneous counter-streaming electron-positron plasma, the effective plasma frequency is
where f (u) is the normalized one-dimensional distribution function of particles' 4-velocities u. Thus, large density fluctuations with ∆n/n ∼ 1 can develop on length-scales longer than the effective skin depth
The distribution function of the counter-streaming pair plasma in the twisted magnetosphere is highly uncertain (depending on B, ρ, ǫx, etc.), and hence γc could range from ∼ γ (near Maxwellian distribution) to ∼ γ 3 (near mono-energetic distribution). Since typical Lorentz factors γ < γres ∼ 10 2 (eq. 100), hereafter we take take γc = 10 3 γc,3 as our fiducial parameter. More work is needed to determine the this quantity from the distribution function and composition of the plasma in the pre-existing twisted magnetosphere. As long as ℓ skin <λ = 4.8ν −1 9 cm, fractional density fluctuations of ∆n/n ∼ 1 over lengthscales ∼λ can be produced and our discussion is not affected.
According to Appendix A, the growth time of twostream instability goes linearly with wave number k as τ growth ∝ k up to k ∼ kmax = ℓ −1 skin , but growth is impossible at k > kmax. Therefore, FRB analogs should exist at frequencies up to ω eff /2π ≃ (2.8 × 10
11 Hz) n 1/2 18 γ −1/2 c,3
(or wavelength λ ∼ 1 mm). We also note that both n and γc ≡ γ −3 −1 have large uncertainties due to the unknown particle distribution function in the magnetosphere of a magnetar. Since the pair annihilation mean free path must be longer than the curvature radius, i.e. γc/(σTn) ∼ (10 9 cm) γc,3n 6 , some very special conditions may in principle allow FRB analogs at frequencies up to ∼ 10 13 Hz (wavelength λ ∼ 30 µm). We encourage searching for millisecond transients in the mm up to far infrared wavelengths.
In the following, we discuss the rate and luminosities of FRB analogs at different frequencies in the curvature antenna framework. We consider a charge bunch with longitudinal length ℓ ℓ skin (eq. 102) and transverse length 14 Note that the curvature antenna model may not require a large amount of particle injection from an explosive pair production process, so the pre-existing plasma could be made of electrons and protons (instead of electrons and positrons). Charge-to-mass ratio does not make a difference in the curvature radiation process, but the two-stream instability behaves differently. It can be shown that our discussion is qualitatively correct for an electronproton plasma, as long as the parameter γc is redefined to include the proton-to-electron mass ratio.
ℓ ⊥ , which is moving with Lorentz factor γ. If particles in the bunch have Lorentz factor spread ∆γ/γ ∼ 1, then the bunch will disperse after traveling a distance ∼ γ 2 ℓ . To avoid bunch dispersion within the curvature radiation formation length ρ/γ, we assume ℓ λ ≃ ρ/γ 3 . Similar to the situation in man-made antennas, the inertia of the charge carriers is minuscule and particles' motion is controlled by the balance between power input (from a parallel E-field) and output (due to radiation), i.e.
If the reconnecting B-field lines have inflow speed βinc and inclination angle θB, then the parallel E-field is roughly given by E ≃ B sin θBβin. Thus, we obtain B sin θB ≃ πnℓ eβ
The transverse size of the bunch ℓ ⊥ is unknown. A natural length-scale of the system is the thickness of the current sheet ℓcs given by ∇ × B ≃ B sin θB/ℓcs ≃ 4πne, i.e.
Note that we have ignored the displacement current term,
in ≫ 1. In the following, we take ℓ ⊥ ∼ ℓcs as given by the magnetic reconnection physics (according to eq. 105). When ℓcs γλ, which applies to bursts at frequency ν (0.8 GHz) ρ 1/2 6 ℓ −3/2 cs,2.5 , we make use of eqs. (104) and (105) to eliminate B sin θB and obtain βin ≃ ℓ /4ℓcs ℓ /(4γλ). The FRB luminosity should be dominated by bunches with maximum longitudinal length allowed by coherence ℓ ∼λ, so we find that the inflow speed of magnetic reconnection is small
The isotropic equivalent luminosity from the entire clump is given by the incoherent sum of (ℓcs/γλ) 2 coherently radiating bunches of transverse area π(γλ) 2 , i.e. , for ℓcs γλ.
On the other hand, when ℓcs γλ (for bursts at frequency
cs,2.5 ), we again make use of eqs. (104) and (105) and obtain βin ≃ ℓ ℓcs/(4γ 2λ2 ) ℓ /(4γλ). Note that the constraint on the inflow speed is the same as in eq. (106) for the case ℓcs γλ. The isotropic luminosity is given by the coherent radiation by all particles in the clump, i.e. 
Due to differences among reconnection events -variations of particle density n, curvature radius ρ, and current sheet thicknesses ℓcs -we expect a wide range of FRB luminosities. It is currently not possible to predict FRB luminosities at a given frequency, due to the unknown plasma conditions and magnetic reconnection physics in the magnetosphere of the NS. However, FRB analogs at higher frequencies are expected to have lower burst rate due to narrower beaming angle (γ −2 ), i.e. the burst rate should decline with frequency as f b ∼ γ −2 ∝ ν −2/3 . Moreover, we can see from eq. (107) that FRB analogs at frequencies much higher than ∼GHz are most likely dimmer, because the coherent volume decreases faster than the luminosity gain from stronger beaming.
According to the antenna curvature model described here, the durations of FRBs are controlled by the physics of magnetic reconnection. For quasi-uniform density distribution, the radiative resistivity is negligible (incoherent curvature emission is inefficient), and magnetic reconnection cannot proceed unless there is another mechanism that can provide a much higher resistivity. Charge bunches may flow into the current sheet in the longitudinal and transverse directions. The former case has characteristic timescale πρ/c ∼ 100ρ6 µs. The characteristic timescale in the transverse direction is ℓcs/βinc ∼ (10 µs) ℓcs,2.5β −1 in,−3 . Both of these timescales are much shorter than the typical duration of FRBs tFRB ∼ 1 ms. Therefore, the reconnection process may be unsteady and hence FRBs may be made of multiple sub-bursts (each lasting for ∼10-100 µs).
The total FRB duration corresponds to the time over which the accumulated stress in the reconnection region is released. From eq. (106), we see that the reconnection inflow speed is much smaller than the Alvén speed (≈c) in the magnetosphere. This is because the energy inflow rate is limited by the energy outflow rate in the form of coherent radiation. Thus, individual FRBs do not require global reconnection on lengthscales of the NS radius. The maximum size of the reconnection region in the transverse direction is tFRBβinc ∼ (3 × 10 4 cm) tFRB,−3βin,−3. Without a detailed model for the magnetic configuration and activity 15 near the surface of the magnetar, it is currently not possible to predict FRB durations from first principles.
The typical time resolution of current FRB observations is ∼1 ms, which is limited by the signal-to-noise ratio and intraband dispersion. Future observations of brighter bursts or by more sensitive telescopes may be able to resolve the sub-burst structures and provide valuable information on the reconnection physics.
To summarize the main results of this section, we find that the curvature antenna model can reproduce the basic properties of FRBs provided that the B-field strength of the NS is stronger than ∼10 14 G and that bunches with longitudinal size ℓ λ can form. We propose that twostream instability in the twisted magnetosphere of magnetars (with persistent currents) provides a broad spectrum of density fluctuations at length-scales larger than the plasma skin depth (eq. 102). Then, the coherent emission by charge clumps is sustained by a strong E-field, which is produced by magnetic reconnection. A prediction of this model is that, since the initial two-stream instability leads to density fluc-15 One possibility mentioned by Kumar et al. (2017) is that the buried magnetic flux emerges out of the NS surface and reconnects with the pre-existing magnetospheric B-fields. This process occurs on a time-scale ∆R/v A ∼ (1 ms) ∆R 4 B −1 14 ρ 1/2 0,13 , where ∆R = 10 4 ∆R 4 cm is the depth from which the flux emerges, ρ 0 = 10 13 ρ 0,13 g cm −3 is the mass density of the surface layer, and v A = B/(4πρ 0 ) 1/2 is the Alfén speed.
tuations on all length-scales c/ω p,eff , FRB analogs should exist at frequencies much higher than ∼GHz, up to mm (or even far-infrared) wavelengths. We have also shown that FRB analogs at higher frequencies are most likely dimmer (due to smaller coherent volume) and more rare (due to smaller beaming angle).
COMPARISON BETWEEN FRBS AND PULSAR RADIO EMISSION
In this section, we briefly discuss some of the differences between the mechanisms of FRBs and pulsar radio emission. After many decades of debate, there is still no compelling answer to the mechanism of pulsar radio emission. The basic reason behind the debate is that only a tiny fraction ( 10 −6 for the Crab) of the pulsar's energy loss (via electromagnetic spin-down) goes to radio photons, and therefore many maser or collective plasma emission mechanisms are viable (Eilek & Hankins 2016; Melrose 2017) .
However, constraining the radiation mechanism for FRBs is much easier than for pulsar radio emission. This is because the total energy release in a FRB event cannot be much larger than the energy coming out in the radio band. In other words, the radiation in the radio band is likely the dominant channel of energy release in these transients. This fact coupled with the much higher isotropic luminosities of FRB compared to radio pulsars (by more than 10 orders of magnitude) severely constrains the radiation mechanism for FRBs. We have shown in §4.1 and §5 that FRBs cannot be powered by the rotational energy of NSs or internal/external dissipation of the free energy of relativistic outflows from BHs or NSs. This leads us to conclude that FRBs must be produced by the dissipation of magnetic energy near the surface of NSs. If the progenitor of FRB 121102 stays active for 30 yr, then the cumulative energy output in the radio band is 10 44 erg (eq. 5), which is a significant fraction of the total magnetic energy in the magnetosphere of a magnetar, ∼ 10 45 B 2 * ,14 erg. When we consider collective plasma emission (or plasma maser) within the magnetosphere of NSs, the requirement that the magnetic energy density is much greater than particles' kinetic energy density and the energy density of the FRB EM waves provides a stringent lower limit on the Bfield strength in the emitting region (eq. 16), and hence the emission is generated close to the NS surface (eq. 15). The plasma frequency must be much lower than the cyclotron frequency so that the B-field is strong enough to confine the emitting plasma. Based on these constraints, it can be shown that various beam instabilities proposed in the pulsar literature either do not grow or have too small growth rates at ∼GHz frequencies, which are many orders of magnitude lower than the plasma frequency and cyclotron frequency. By the process of elimination, we arrive at a unique solution for the FRB radiation mechanism -the coherent curvature antenna process. For pulsar radio emission, on the other hand, whose isotropic equivalent luminosity is lower than typical FRB luminosity a factor ∼ 10 10 , these constraints become so weak that almost any emission radius within the light cylinder is viable and many beam instabilities may grow efficiently at ∼GHz frequencies.
We also note that the antenna mechanism for FRBs described in this paper is significantly different from the antenna mechanism considered in the radio pulsar literature. In the latter case, people have invoked a fast primary beam colliding with a slower secondary plasma (Ruderman & Sutherland 1975) . Particle bunches form due to two-stream instability and it is suggested that they produce coherent curvature radiation. One of the major drawbacks with this proposal is that the density contrast between bunches and inter-bunch medium is small due to Coulomb repulsion within the bunch, which severely limits the ability of this process to explain radio pulsar emission (Melrose 1981) . The bunch formation process for FRBs we have proposed is a two-step process.
Step one is formation of roughly charge-neutral clumps in the counter-streaming plasmas associated with strong current in the twisted magnetosphere of a magnetar. And the second step is charge separation of neutral clumps by the strong E-field inside the current sheet associated with the magnetic reconnection process. This two-step process avoids the well known problem of particle clumping due to Coulomb repulsion. We also note that this two step bunch formation process may only work for transients like FRBs but not for regular pulsars.
SUMMARY
In this paper, we have described the constraints on possible radiation mechanisms for FRBs.
The extremely high brightness temperatures ( 10 35 K) of FRBs require that the EM fields radiated by individual particles add up coherently. There are generally two classes of such processes: maser and the antenna mechanism. We consider collective plasma emission as a special type of maser (named plasma maser). We use the observational properties of the repeater FRB 121102 and general physical considerations to constrain the plasma conditions needed for each of the coherent processes. We find that various maser mechanisms require extremely fine-tuned plasma conditions or unphysical parameters as summarized below; only the antenna curvature mechanism operating near the surface of a magnetar is consistent with the high isotropic luminosity of the repeater FRB 121102.
Plasma masers in the magnetosphere of NSs can in principle operate when a beam of particles runs into a target plasma and subluminal waves are excited and amplified due to beam instabilities. However, we find that the cyclotronCherenkov (or anomalous Doppler) resonance condition cannot be satisfied, because the B-field must be strong enough to confine the motion of plasma whose kinetic energy density must be at least as high as the FRB EM waves. The Cherenkov resonance condition can be satisfied, but the growth rate of the instability is too slow to be important for FRBs.
Vacuum curvature maser is possible only if the curved B-field is not confined in a plane. This can be achieved when the B-field lines have significant torsion, which could be caused by crustal motions at the NS surface. However, the absorption cross-section is negative only for O-mode waves propagating at an angle ψ γ −2 wrt the momentum vector of the emitting particle. The absorption cross-section becomes positive at larger angles, and for ψ ∼ γ −1 the crosssection is larger by at least a factor 10 5 compared with the peak cross-section for wave amplification at ψ ∼ γ −2 . Due to the B-field curvature, photon trajectories will unavoidably intersect with other nearby B-field lines at larger angles, and then strong positive curvature self-absorption will prevent the radiation from escaping.
Vacuum synchrotron maser is possible only when the B-field is nearly uniform to within an angle γ −1 and particles' pitch-angle distribution is narrowly peaked with spread ∆α γ −1 , where γ is the typical Lorentz factor of radiating particles in the comoving frame of the source plasma. In order for the electron cyclotron frequency to be in the radio band, the radiating plasma must be at a large distance 10 14 cm from the central object. It is highly unlikely that the fine-tuned plasma conditions above can be realized during internal/external dissipations of jet energy at such large distances (much beyond the light cylinder of a NS). For synchrotron maser in the presence of a relativistic plasma (due to internal/external dissipations of a relativistic jet), the brightness temperature is limited by induced Compton scattering. To produce the observed brightness temperature 10 35 K, the radiation efficiency must be extremely low fr 5 × 10
, where ǫB is the fraction of energy density in B-fields in the emitting region. Moreover, it is unclear how the population inversion condition ∂(Nγ /γ 2 )/∂γ > 0 can be achieved and maintained when electrons lose energy to radiation (high-energy electrons radiate energy at a higher rate than low-energy ones and the population inversion is quickly destroyed unless it is actively maintained by some unknown process).
We find that the basic properties of FRBs are consistent with the antenna mechanism, where charge bunches with longitudinal sizes λ move along the curved B-field lines with B 10 14 G and produce coherent curvature emission. Similar to the situation in man-made antennas, the kinetic energy of the radiating particles is minuscule and the radiative power is supplied by an E-field, which is produced by magnetic reconnection. We find that bunches can form via two-stream instability in the twisted magnetosphere of magnetars before the magnetic reconnection is triggered. Electric currents flow along the strong B-field lines of a magnetar whenever the field lines are twisted by crustal motions. These currents are carried by counter-streaming electrons and positrons. We have shown that two-stream instability leads to density fluctuations on length-scales longer than the effective plasma skin depth. A prediction of this curvature antenna model is that FRB analogs should exist at frequencies much higher than ∼GHz, up to mm or even farinfrared wavelengths (depending on the plasma distribution function). FRB analogs at higher frequencies are expected to be dimmer (due to smaller coherent volume) and have a lower occurring rate (due to smaller beaming angle).
The analysis presented in this paper, and the identification of the most likely radiation mechanism for FRB 121102 (the curvature antenna mechanism) should apply to all those FRBs that have multiple outbursts like FRB 121102.
Based on the calculations presented in this paper, the antenna mechanism seems to be the most promising candidate for the radiation process in FRBs. However, there are a number of technical issues that require closer scrutiny and further study: (1) pair creation and plasma distribution function in the twisted magnetosphere of magnetars; (2) the physics of radiative magnetic reconnection in the magnetosphere of magnetars; (3) propagation of large amplitude radio waves (with non-linearity parameter a0 ≫ 1) through the magnetosphere of magnetars.
With forthcoming telescopes such as UTMOST (Caleb et al. 2017) , Apertif (Maan & van Leeuwen 2017) , CHIME (Ng et al. 2017 ) and SKA (Colegate & Clarke 2011) , the FRB sample is expected to grow by 2-3 orders of magnitude. Some of these wide field-of-view telescopes will be able to monitor 10-10 2 FRBs simultaneously and hence will be better at finding repeaters (which can then be localized). Observational search for analogs of FRBs at much higher frequencies (mm-infrared) would provide very useful test of the antenna mechanism and other radiation processes. Figure A1 . The growth rate of two-stream instability for counter-streaming e ± with "waterbag" (flat) distribution function between ξu 0 and u 0 . Here we use u 0 = 100 (≈ γ 0 ). The geometric mean speed is defined asβ = √ β min βmax. The three cases with ξ = 0.9, 0.1, 0.01 are relativistic in thatβ ≈ 1 and the case with ξ = 0.001 has a fraction (∼ u −1 0 ) of non-relativistic particles andβ ∼ 10 −1/2 . According to eq. (A8), the maximum unstable wave-numbers for the four cases are kmax/(ωpγ −3/2 0 ) = 1.08 (ξ = 0.9), 7.4 (ξ = 0.1), 65 (ξ = 0.01), 3.0 × 10 2 (ξ = 0.001). The fact that the curves overlap for the three relativistic cases (ξ = 0.9, 0.1, 0.01) do not mean the growth rates are the same, because kmax (or ω p,eff ) are different in these cases. The ξ = 0.9 case is close to mono-energetic distribution and the ξ = 0.001 case is close to Maxwell-Jüttner distribution with a low u cut-off.
On the other hand, when ξ → 1, the distribution in eq. (A5) describes two mono-energetic beams running against each other. The particle injection in the twisted magnetosphere of magnetars may be somewhere in the middle of these two extreme cases (0 < ξ < 1).
We define the maximum and minimum Lorentz factors as γmax ≡ 1 + u 2 0 and γmin ≡ 1 + ξ 2 u 2 0 and the corresponding speeds as βmax ≡ u0/γmax and βmin ≡ ξu0/γmin. The analytical solution to eqs. (A4) and (A5) is
Unstable Langmuir waves are possible only when a > r, which is equivalent to k < kmax. As can be seen in fig. A1 , the growth rate Im(ω) at very small wave-number k ≪ kmax equals to kβ; the growth rate near the maximum wavenumber k ∼ kmax roughly equals to ω p,eff /β. In the limiting case of ξ → 0 (or Maxwell-Jüttner distribution), we havē β = 0 (kmax → 0), so the growth rate at any wave-number k is zero, which is expected because the system is already in equilibrium.
The effective plasma frequency is ω p,eff = ωp γ −3 1/2 and the effective skin depth is ℓ skin,eff ≡ k −1 max =β/ω p,eff . For mono-energetic ultra-relativistic case (ξ ≈ 1 and γ0 ≈ u0 ≫ 1), we have ω p,eff ≈ ωpγ −3/2 0 . For a broad but ultrarelativistic distribution (ξ ≪ 1 and γmin ≈ ξu0 ≫ 1), we have ω p,eff ≈ ωp(2γ
, which is significantly greater (by a factor of ∼ ξ −1 ) than that in the mono-energetic case.
APPENDIX B: DYNAMICS OF EXTERNAL SHOCKS
When a relativistic outflow of isotropic equivalent energy Eiso and Lorentz factor Γ ploughs its way through the cold circum-stellar medium (CSM), two shocks form in this process, the forward shock going into the CSM and the reverse shock going into the ejecta. The bolometric emission from the outflow peaks roughly when the ejecta reaches the deceleration radius r dec , which is given by
In the observer's frame, the typical emission timescale is the deceleration time t dec ≃ r dec /(2Γ 2 c). In the following, we assume a power-law density profile nCSM ∝ r −k (our discussion can be generalized to an arbitrary density profile). After the deceleration time, the Lorentz factor of the forward shock decreases with radius as a power-law Γ(r/r dec ) (k−3)/2 (Blandford & McKee 1976 ) before it decelerates to Newtonian speeds. The emission from the forward-shocked region decreases with time as a power-law. For some FRBs without significant scattering broadening, we usually see a sharp cuf-off instead of a powerlaw at the end of the burst. On the other hand, the emission from the reverse shock may have a sharp cut-off due to adiabatic sideway expansion after the reverse shock crosses the ejecta. Now we consider a second outflow with a similar initial Lorentz factor ∼ Γ but launched with a delay of t dec ≪ t delay ≪ r dec /c wrt the first outflow. We note that the time intervals between some burst pairs from FRB 121102 can be as short at ∼ 30 ms to 40 ms (Scholz et al. 2017; Hardy et al. 2017) , so the CSM does not have time to recover to its original undisturbed state after the first outflow passed by. When the second outflow catches up with the first one, if the first one is still ultra-relativistic, then the catch-up radius rc is can be estimated by 2ct delay Γ 2 (rc/r dec ) k−3 ≃ rc − ct delay ≃ rc,
i.e.
rc ≃ r dec (t delay /t dec ) 1/(4−k) ,
This means that the second FRB will have a longer duration than the first one by a factor of (t delay /t dec ) 1/(4−k) , where t dec is the duration of the first FRB. If the first outflow has decelerated to a Newtonian speed when it is caught up by the second one, the duration of the second FRB is determined by the radius where the first outflow becomes Newtonian rN (≫ r dec ) divided by 2Γ 2 c. Still, the duration of the second FRB should be much longer than the first one. This is inconsistent with observations. For instance, the two bursts detected by Scholz et al. (2017) , "GBT-1" and "GBT-2", were separated by ∼ 40 ms and they have very similar durations of ∼ 2 ms.
APPENDIX C: INDUCED COMPTON SCATTERING
We consider a spatially uniform electron-radiation mixture. The electron distribution function is isotropic and monoenergetic with Lorentz factor γ and number density ne (a distribution of Lorentz factors will be considered later). The radiation field is also isotropic with intensity Iν only a function of frequency ν. In terms of the distribution function of the radiation field f (r, p, t), the photon occupation number f is defined as the number of photons in a phase-space volume h 3 (h being the Planck constant) and we have f ≡ h 3 f (r, p, t) = Iνc 2 2hν 3 .
We are interested in the time evolution of the photon occupation number f0 ≡ f (ν0, Ω0) at a given frequency ν0 along a given direction Ω0 due to induced (or stimulated) Compton scattering in the regime f ≫ 1. We consider a subgroup of electrons moving in theẑ direction within an infinitesimal solid angle dΩe. The angle between Ω0 andẑ is denoted as θe. The number density of these electrons in their comoving frame is dn ′ e = nedΩe/(4πγ). Hereafter, all quantities in the electrons' comoving frame of are denoted with a prime ( ′ ) and the unprimed quantities are measured in the lab frame.
As shown in the right panel (comoving frame) of Fig.  C1 , photons originally moving near the Ω ′ 0 direction can be scattered to an arbitrary direction Ω ′ and there will also be photons scattered from Ω ′ back to Ω ′ 0 . The direction Ω ′ is given by two angles (θ ′ , φ ′ ) in a polar coordinate system with polar axis z aligned with electrons' velocity vector β e in the lab frame. In this coordinate system, the direction Ω ′ 0 is assumed to be in the x ′ -z ′ plane, given by (θ ′ = θ ′ e , φ ′ = 0). Figure C1 . Geometry for induced Compton scattering. In the lab frame (left panel), we consider the time evolution of the intensity in the given direction Ω 0 due to induced Compton scattering from and into other directions Ω(θ, φ). The polar coordinate system has polar axis aligned with electrons' velocity vector β e . We put Ω 0 in the x-z plane. The angle between Ω 0 and β e is denoted as θe and the angle between Ω 0 and Ω is θ. The calculation is done in the comoving frame of electrons (right panel), where all quantities are denoted with a prime ( ′ ).
The angle between Ω ′ and Ω ′ 0 is denoted as θ ′ (and µ ′ ≡ cos θ ′ ). For convenience, we define two Doppler factors
and then the Lorentz transformation of frequencies and angles are given by
The photon occupation number f is Lorentz invariant. The rate of change in f0 ≡ f (ν ′ 0 , Ω ′ 0 ) = f (ν0, Ω0) in the comoving frame is given by (Wilson 1982) d(ln f0)
where σT is the Thomson cross-section.
We assume the radiation field to be isotropic in the lab frame, and from dν ′ = dν/D(µ ′ ) (for a given direction Ω ′ ) we obtain 
To compute the time evolution of f0 due to the scattering of all electrons, we need to integrate eq. 
where we have made use of the fact that (. . .) has no φe dependence (due to the symmetry of the system) and dµe = 
In the limit where electrons are at rest (β = 0, γ = 1, D = De = 1), we have dµ 
In the ultra-relativistic regime γ ≫ 1, the factor dφ ′ (1 + µ ′2 ) roughly gives 8π/3 (with error of order unity) and is hence not important in our order-of-magnitude estimate. In the following, we also drop the term sin θ ′ e sin θ ′ cos φ ′ in µ ′ because it is an odd function of cos φ ′ and dφ ′ cos φ ′ = 0. We assume that system has length-scale ℓ, so the Thomson optical depth of the system is τT = ℓσTne. After a lightcrossing time ℓ/c, the photon occupation number changes by a factor of e τ eff , where the effective optical depth is roughly given by 
We note that, due to induced Compton scattering, the radiation field Iν(ν0, Ω0) is in principle coupled with the derivative of Iν/ν in all other directions and at a wide range of frequencies Dν0/De ∈ (γ −1 ν0, γν0). Thus, the effective optical depth is sensitive not only to γ but also to the spectral broadness.
In the following, we discuss two extreme cases: (i) a narrow step-function or Gaussian spectrum with ∆ν/ν0 ∼ 1 and (ii) a broad power-law spectrum in the range ν/ν0 ∈ (γ −1 , γ). In case (i), the integral in eq. (C10) is non-zero only when D ∼ De. In the range µ 
Then the effective optical depth is roughly
In case (ii), we assume that the spectrum is a single power-law Iν ∝ ν p (p = 1) with normalization given by the brightness temperature at ν0 as in eq. (C11). Then we have ∂(Iν/ν) ∂ν
and the effective optical depth becomes
When p < 1, we have τ eff < 0 and f0 decreases with time exponentially; when p > 1, we have τ eff > 0 and f0 increases with time exponentially. We integrate eq. (C14) analytically and obtain Q ∼ γ 1−2p , if p < 1.5,
For p = 1.5 (a rising spectrum), the integral reaches the minimum Qmin ∼ γ −2 , which means |τ eff | ∼ γ −4 τT(kBT b /mec 2 ). For a flat spectrum Iν ∝ ν 0 (or p = 0), we have Q ∼ γ and hence |τ eff | ∼ γ −1 τT(kBT b /mec 2 ). Above the peak of the spectral energy distribution p < −1, we have Q γ 3 and |τ eff | γτT(kBT b /mec 2 ), which means the photon occupation number (and hence flux) f0 drops even more quickly than in the flat-spectrum case. The net effect is that the peak of the spectrum moves towards lower and lower frequencies and the radiation energy is transferred to the kinetic energy of electrons. Observationally, the spectrum of FRBs may or may not be broad. We note that co-detections at multiple telescopes operating at different frequencies (e.g. 1.4 and 3 GHz) have been reported by Law et al. (2017) and Scholz et al. (2017) . In this paper (eq. 82), we take the most conservative limit Q ∼ γ −3 (for a narrow spectrum with ∆ν/ν0 ∼ 1) and hence |τ eff | γ −5 τT(kBT b /mec 2 ). For any spectra broader than ∆ν/ν0 ∼ 1, the effective optical depth |τ eff | will be larger and hence induced Compton scattering will be more efficient.
Finally, we integrate eq. (C14) over the (normalized) Lorentz factor distribution of electrons Nγ ≡ d N /dγ ( ∞ 1 Nγ dγ = 1) and obtain the total effective optical depth τ eff,tot kBT b (ν0) mec 2 τT
We see that the contribution from high-energy electrons are strongly suppressed by the γ −5 factor. In realistic dissipations caused by shocks or magnetic reconnection, the distribution function is usually a power-law Nγ ∝ γ −q (q > 1) above the peak Lorentz factor, which is also roughly the mean Lorentz factorγ, but the part below the peak Lorentz factor may be uncertain. In the case of a Maxwell-Jüttner distribution, we have Nγ ∝ γ 2 and hence most of the contribution comes from electrons near the lowest Lorentz factors ∼ 1 and γ −5 Nγ dγ ∼γ −3 . On the other hand, in the case of an infinitely sharp cut-off below the peak Lorentz factor, we have γ −5 Nγ dγ ∼γ −5 . In this paper, we use the result in the latter (most conservative) case.
